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Sec. 1.2 Vector Spaces

11.

12.

13.

14.

15.

16.

17.

18.

V (’ 3 3
3 le 0

c0 = 0 for each sc '

alar cin F, P =
. . Pro ) = () ¢
(V is called the zero vector Spacew; that V is a vector space Overu};l

A real-valued functi
tion f defined .
tion if f(—t) = on the real line is called
f(—t) = f(¢t) for each real number t. Prove theat tiiee:cein( tf‘unc-
2 S€L Of even

functions defined
on the real line with
o 1s . the operations "
scalar multiplication defined in Example 3 isI; i/aetcli)(ilrbs(;);s: ditton and

L
;t V denote the set of ordered pairs of real numbers. If (a1,a2) and
(b1,be) are elements of V and ¢ € R, define 1,02) Anc

(al,ag) =+ (bl, bg) = (a1 + bl,agbg) and C(a1,a2) = ((‘,(Ll,(l-z).
Is V a vector space over R with these operations? Justify your answer.

Let V = {(al,az,...,an): a; € Clori = 1,2,...n};s0 Visa vector
space over C by Example 1. Is V a vector space over the field of real
numbers with the operations of coordinatewise addition and multipli-

cation?

Let V = {(al,ag,...,an): a; € Rfori = 1,2,...n}; so V is a vee
tor space over R by Example 1. Is \ a vector space Over the field of
complex numbers with the operations of coordinatewise addition and

multiplication?

Let V denote the set of all m X n matrices with real entries; SO V

.. o vector space OveT R by Example 2. Let F be the f.ie.ld of l:&\.t.'lull'fli
o pers. IsV 2 vector space Over F with the usual definitions of matrix
num :

AN
addition and scalar multiplication:

| o addition of
.« o field. Define addition O
= . ay.a2 € F} where F 18 2 o
i i az)i(iliii,atzwise, find for c€ F and (ul‘a-_;) ¢ V, define

clai, az) = (815 0).

it x'ropel‘nti()ns'. :
: over F with these
Is V a vector gpace
{( ): 1,02 e R} For ((L\,(LQ).U)],()Q)
Let V = a1,02): ,

er c(ar, az) = (cars caz)-
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Chap. 1 Vector Space,

s dition of elements of V cog,
16 . Dell® ¢ g

| ; fine
i - {(01,a22~ a(lé%ag inV and ¢ € R, de
| 18 d 1or (¢1:
dinatewise, al hs
(0,0) if c=
C(al’@) ] (cm 9_2-) if ¢ # 0.
"¢

. ] Our a SWer'

 (See Example 5 for
20. Let V be the set of sequences {an} of real numEbE\B/rSan%S ki L
. the definition of a sequence.) For {an}, {bn}
t, define

{an} + {bn} = {an +ba} and t{an} = {tan}-

Prove that, with these operations, V is a vector space over R.

21. Let V and W be vector spaces over a field F'. Let

Z={(v,w): veVandw € W}.
Prove that Z is a vector space over F' with the operations

(1, w1) + (v2, w2) = () + vy, wy tw2) and vy, wy) = (cvy, cwr)-
22. How many matrices are

there j
Appendis. C. €re in the vector space M,y (Z2)? (See

1.3 SUBSPACES

rest to exami s that
under ¢opg amine subset

. . '0 6
.y deration. The approprial

) - 11C L] .
A subset \ of a yeey ¢d in this section.
or g

W is a
? & vector g Pace v a
icatj SPace gyap -V Over g f ; 1led
ition doﬁnod s ver With ¢1 ﬁe{d F is ca

10 A~

Definition,
subspace of \/ if
and scalar my tipl

¥ _ £ 1 1241011
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Sec. 1.3 Subspaces

10. Prove that W, = {(G-l,az,...,a,,,,) € Fn.

S a n ‘a
‘bubspace of F* byt W, = {(ag.q 1+as +...
1S not. M2 ap,) € By

11. Is the set W = {fz)ep

ofpumifnzlyJu%i(F%fh0=00rﬂm)

has degr
een
fy your answer, 2 J

a subspace

12. Anmxn matrix

ngular if 3] entr

i ies lying hel
1€s are zero, that is. if Ay Yig below

= 0 whenever ; > J. Prove
a subspace of men(F).

empty set .and F a field. Prove that for any sp € S,
f(s0) =0}, is a subspace of F(S,F). '

13. Let S be a nop
{f e 7(s, )

14. Let S be g nonempty set and F a fialq. Let C
all functions f ¢ £ (S, F) such that f(s) =0 for all but a finite number
of elements of S. Prove that C(S, F) is a subspace of F(S, F).

(S, F) denote the set of

15. Is the set of al] differentiable real-valued functions defined on R a sub-
space of C(R)? Justify your answer.

16. Let C"(R) denote the set of all real-valued functions defined on the
real line that have a continuous nth derivative. Prove that C"(R) is a
subspace of F(R, R).

17. Prove that a subset W of a vector space V is a subspace of V if and
only if W # &, and, whenever @ € F and 2,y € W, then az € W and

T+yeW.

18. Prove that a subset W of a vector space V is a subspace of V if and only
if 0 € W and ax + y € W whenever a € F and z,y € W.

19. Let W; and W, be subspaces of a vector space V. Prove that Wy UW,
: is a subspace of V if and only if Wi C W, or Wy C W,.

w,, are

-----

¢ ce V and wy, wo,
i i space of a vector spa
e i —lIi + a,w, € W for any scalars aj,az, ... an.
i QW2 e nWn
in W, then a;w; +

i.e., those for which

21. Show that the set of convergent sequences {an} ( 90 of

- space V in Exercise
exists) is a subspace of the vector space V
lim, e Gn
i 2
o (Fy, F») is called an even
! - .
i ' tion
ach t € Fy and 18 called an odd func
C ’

e <ot of all even functions
Prove that the set of all petions
F(Fy, F) are subspaces

292, Let F, and Fy be fields. A function g € F

function ifg(-—tz = g(tlz Il:o; (;7‘1
i = — reacht ; Lhat b
?f g}”(";} }' )gm(lizl ;)he set of all odd functions 1
m 1,4'2) ¢

i }-(Fl , Fz). for a later gection.

: L paQE ti‘ll
that this exercise 15 essentli

tA dagger means
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The following definitions are used in Exercises 23-30.

W, and Wy are subspaces of V such that W; "Wq = {0} and W, + W, <y,

Definition. IfS) and Sy are nonempty subsets of a vector space vV
the sum of Sy and S, denoted Sy + So, is the set {x+y: © € S, an( y

Definition. A vector space V is called the direct sum of W; 4y W

> bhey,
€ S),

2 If

We denote that V is the direct sum of Wy and Wa by writing V = W, GW.
)W,

23. Let W; and W5 be subspaces of a vector space V.

(a) Prove that W; +W, is a subspace of V that contains both W, and
W, |

(b) Prove that any subspace of V that contains both Wy and Wy myg
also contain W; + Ws.

24. Show that F™ is the direct sum of the subspaces

25.

26.

27.

W; = {(a1,az,...,an) € F": a, = 0}
and

W2 = {(al,aQ,...,an) & Fn: A =ag =+ =0Up_1 :0}

Let W; denote the set of all polynomials f(x) in P(F') such that in the
representation

f(z) = anz™ + an_12" '+ + a1z + ay,

we have a; = 0 whenever 4 is even. Likewise let Wy denote the set of
all polynomials g(z) in P(F') such that in the representation

g(z) = bnz™ + bm—lgjm—1 + -+ b1z + bo,
we have b; = 0 whenever i is odd. Prove that P(F) = Wy & Wa.

In Man(F) define W, = {A € Myxn(F): A'i_-j = () whenever '17'> {}
and Wy = {A € Myxn(F): Aij = 0 whenever ¢ < jh (Wyis ltli
set of all upper triangular matrices defined in Exercise 12.) Show that

men(F) == W1 @ W2.
ist] 1ange ar o X1

Let V denote the vector space consisting of all upper triangular 7 :
e the subspact

matrices (as defined in Exercise 12), and let W, denot . where
- o \Al TN A
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Gec. 1.4 Linea inati
7 r Combinations and Systems of |
Inear Equation
s

2. Solve the f i
e following systems of line .

duced in this i a ;
his se ar.e
ction. quations by the method inty
0_

2.’E] == 2.’1;2 - 3rB

) 43 = —

(a) 3"”1 N 33;2 O 2.'E3 = 53}4 — g
ry — 3;2—-2_/1';3_ T4 = —3

3',1:1 - 7'7"2 = 4.’B3 =10
23:1 - T2 — 2333 = 6

Ty +2r3— T3+ 2
=5
(C) Iy + 4.7}2 — 3.’E3 — 3,’1}1 =06
211 + 32 + r3 + 414 =8

1 + 222 + 223 — 9
(d) = + 83 + by = —6
T1+ To+dxz+OTs= 3
z1+ 2T — 43— Tat Ts= 7
(e) —;L‘l 4+ 10z — 3x4 — 45 = —16
T1 + Dxe — OT3 — Axg — Ts5 = 2
Az + 1lzg — T3 — 1024 — 225 = 7

371+2332+ 6563:——1
201 + To+ T3 = 8
f 1 2 3
() 3r1 + T2 — T3 = 15
:1:1+3332+1Oa:3:—5

in R3. determine whether the

3. TFor each of the following lists of vectors
ombination of the other two.

first vector can be expressed as a linear ¢

Scanned by CamScanner . +_i.wmine whether the first poly-
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5. Il l ) 4 ‘ "
]l

(a) (2,-1,1), _{('1,()2 =] e, .
(b) (—1,‘2,1), S = {(1,0 2%% 111%% .
((gg (=1,1,1,2), §={(1,0,1,-1), 0,1,1,1)}

(2,-1,1,-3), §={(1,0, ((),1,1,1)}

1, -
(e) “193+2T +3z+3, S {

(
1),
+
(F) 22° —a? 4043 S={s31a24 +'+1'+"+"H} 1

+]Y+I'+11}}

@ (39 s-{(1 9 )6 )
o (9 s={(1 0.0 .0 )

6. Show that the vectors (1,1,0), (1,0,1), and (0,1,1) generate F3,

7. In F", let e; denote the vector whose jth coordinate is 1 and whose
other coordinates are 0. Prove that {ej,esz,...,e,} generates F",

8. Show that P, (F) is generated by {1,z,...,z"

9. Show that the matrices
1 0 0 1 0 0 and 0 0
0O 0/’ 0O 0/’ 1 0)° 0 1
generate Moo (F)-

10. Show that if
0 0 (01
My, = (1 0) . My = (0 1) . and M= (l 0),
atrices.

Mo, M3} is the set of all symmetric 2 X2 ma

1 a vector space:

then the span of {M;,
={az:a € F} for any vector @ il

| t span((\¥ })
11.T Prove that sp ({ kgl I R3.

Interpret this result geome i
r space V 1s & subspace of v if and O

'12. Show that a subset W of & vecto
if span(W) = W. e .

V(‘Ci or SI)A( (/ V su ) — V»

+ O mwn onhants of & 1 ananlol
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